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Abstract 

In this paper we propose a low-energy parametrization of the two right-handed 
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1 Introduction 



The observed neutrino masses can be naturally accounted for by adding to the Stan- 
dard Model Lagrangian three heavy singlets, usually identified with the right-handed 
neutrinos. This framework is denoted as the type I see-saw mechanism, or simply the 
see-saw mechanism pQ. Furthermore, this framework can also accommodate, although 
not explain, the large atmospheric and solar mixing angles, as well as the small 13 
element in the leptonic mixing matrix. 

Although the see-saw mechanism describes qualitatively well the observations, it 
lacks predictive power. The reason is that the leptonic Lagrangian is defined at high 
energies by 21 parameters, whereas experimentally we can only measure at most 12 
parameters. The 9 remaining parameters are lost in the decoupling process and can be 
arbitrarily chosen, without leaving any other trace at low energies. 1 

In the supersymmetric version of the see-saw mechanism the neutrino Yukawa cou- 
pling affects the renormalization group evolution of the slepton parameters above the 
decoupling scale [3], and thus leave an imprint that could be disentangled using low 
energy experiments (after making some assumptions on the structure of the slepton pa- 
rameters at the cut-off scale). For instance, phenomena such as rare decays j4!5l(jj elec- 
tric dipole moments |7j, or mass splittings among the different generations of charged 
sleptons or sneutrinos |B] provide additional information about the see-saw parameters. 

This information is encoded in a 3 x 3 hermitian matrix, P = Yj,Y y , that depends 
on nine parameters (six moduli and three phases). It can be shown that these nine 
parameters are precisely the complementary information needed to reconstruct the 
high energy Lagrangian |9|lUj . The positive consequence of this observation is that the 
see-saw mechanism can be parametrized just in terms of low energy observables; the 
negative consequence is that for any set of low energy lepton and slepton parameters, 
there is a high energy theory with three right-handed neutrinos that can accommodate 
it, and in consequence, the see-saw model cannot be disproved. 

In this parametrization, the correspondence between high energy and low energy 

parameters is one to one. Therefore, any additional hypothesis on the high-energy 

see-saw parameters would lead to predictions on the low energy parameters. Some well 

1 There is additional information encoded in dimension six operators, but unfortunately they are 
too suppressed to be observed experimentally 
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motivated assumptions have been proposed in the literature, such as texture zeros, 
symmetric matrices or the two right-handed neutrino model, and their consequences 
studied in a number of papers. In this work we will concentrate on the latter pos- 
sibility |ll|12j . The motivation is the following. Leaving aside the LSND anomaly, 
experiments have measured two mass splittings, indicating that at least two new scales 
have to be introduced. The two new scales could correspond to the masses of two 
right handed neutrinos, being the third one not necessary to reproduce the oscillation 
experiments. Therefore, a model with just two right handed neutrinos could explain 
all the observations, but it depends on less parameters. 

The two right-handed neutrino model has some interesting features. Namely, the 
two right-handed neutrino model predicts a hierarchical spectrum for the light neu- 
trinos, being the lightest strictly massless. Furthermore, since there are only two 
non-vanishing masses, there is only one Majorana phase, corresponding to the phase 
difference between these two eigenvalues. Analogously to the model with three right- 
handed neutrinos, there are three mixing angles and one Dirac phase. 

Since the number of parameters involved is smaller, we expect predictions not only 
for the neutrino mass matrix, but also for the low-energy slepton mass matrix (under 
some assumptions about the structure of this matrix at high energy), as well as a 
simpler reconstruction procedure of the high energy parameters. In section 2 we will 
show that in the two right-handed neutrino model some relations arise among different 
elements in the slepton mass matrix. We will also present a possible parametrization 
of this model just in terms of low energy observables. In Section 3 we will discuss the 
prospects to determine experimentally these parameters, and accordingly the feasibility 
of the reconstruction of the high-energy parameters. In section 4 we will propose an 
exact reconstruction procedure, and illustrate it for a particular possibility of the low 
energy parameters. In section 5 we will analyze different limits of the three right handed 
neutrino model that can be well described in practice by a two right-handed neutrino 
model, and where the reconstruction procedure proposed in this paper applies. Finally, 
in Section 6 we will present our conclusions. We will also present an appendix with a 
more elaborated reconstruction procedure. 



3 



2 Parametrizations of the two right-handed neu- 
trino model 



In the appropriate basis, the two right-handed neutrino (2RHN) model is defined at 
high energies by a 2 x 3 Yukawa matrix and two right-handed neutrino masses, Mi 
and Mi- This amounts to eight moduli and three phases. On the other hand, at low 
energies the neutrino mass matrix is defined by five moduli (two masses and three 
mixing angles) plus two phases (the Dirac phase and the Majorana phase). Therefore, 
the number of unknown parameters is reduced to three moduli and one phase. 

Using the parametrization presented in jH], the neutrino Yukawa coupling can be 
expressed as: 

Y, = ^%[ft/(^), (1) 

where -D v ^; = diag(\/Mi, \fJA2) is the diagonal matrix of the square roots of the 
right-handed masses, = diag(0, v /m 2 , ^m 3 ) is the diagonal matrix of the squared 
roots of the physical masses of the light neutrinos, (H®) is the vacuum expectation 
value of the neutral component of the up-type Higgs doublet, U is the leptonic mixing 
matrix ^Hj , and R is a 2 x 3 complex matrix, which parametrizes the information that 
is lost in the decoupling of the right-handed neutrinos. It is possible to prove that R 
has the following structure |14|15j 

R=(° n C ° SZ ^ nZ ), (2) 
V — sin z 4 cos z J 

where z is a complex parameter and £ = ±1 is a parameter that accounts for a discrete 
indeterminacy in the Yukawa coupling. 

Notice that we have included all the low energy phases in the definition of the matrix 
U, i. e. we have written the leptonic mixing matrix in the form U = V diag (1, e~ 1 ^^ 2 , 1), 
where <fi is the Majorana phase and V has the form of the CKM matrix: 

(C13C12 C13S12 Si3e lS \ 

— C23S12 — S23' S i3Ci2e* <5 c 23 c 12 — ■S23Si3Si2e* <5 S23C13 , (3) 
S23S12 ~ C 2 3Sl3C 12 e lS -S23C12 - C23.S13.S12e 1 ' 5 C23C13 / 

so that the neutrino mass matrix is M. = £/*diag(0, m 2 , m^)W. It is straightforward 
to check that eq.flU) indeed satisfies M = Y^diag(Mf 1 , M 2 l )Y v {H®) 2 . 

The Yukawa coupling affects the renormalization group equation of the slepton 
parameters through the combination P = Y^Y V , that depends in general on six moduli 
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and three phases. Since the Yukawa coupling depends in the 2RHN model on only three 
unknown moduli and one phase, so does P, and consequently it is possible to obtain 
predictions on the moduli of three P-matrix elements and the phases of two P-matrix 
elements. Namely, from eq.Q one obtains that: 

rfPU = U^YlY u U = D^D^RD^/iH ) 2 . (4) 

Since mi = 0, it follows that (WPU)u = 0, for i = 1,2,3, leading to three relations 
among the elements in P. For instance, one could derive the diagonal elements in P 
in terms of the off-diagonal elements: 

P* TT* _l_ P* TT* 
r> r Yl u 1\ ' - r 13 C7 31 
f\\ — 



P 



22 



U* 



-^33 -rz • yd) 

The observation of these correlations would be non-trivial tests of the 2RHN model. 

The relations for the phases arise from the hermicity of P, since the diagonal ele- 
ments in P have to be real. Taking as the independent phase the argument of P12, one 
can derive from eq.(0) the arguments of the remaining elements: 



, argPl3 _ lm(P 12 U 21 U^) ± y/lPigHf/iil 2 !^! 2 ~ [lm(P 12 U 21 U* u , 



I P 13 1 U31 U*i 



e 

e , argP23 = * Im(P 12 [/ 21 ^i) ± ^WmtP ~ [lm(P 12 U 21 U* u W 

1-^231^31^21 

where the ± sign has to be chosen so that the eigenvalues of P are positive. It is 
important to remark that the hermicity of P is not guaranteed for any value of P12, 
\P13\1 I -f 23 1 i only some particular ranges for the parameters are allowed, corresponding 
to the values for which the arguments of the square roots in eq.© are positive. 

We conclude then that the P-matrix parameters P12, IP13I and | -P23 1 can be regarded 
as independent and can be used as an alternative parametrization of the 2RHN model. 
Together with the five moduli and the two phases of the neutrino mass matrix, sum 
up to the eight moduli and the three phases necessary to reconstruct the high-energy 
Lagrangian of the 2RHN model. 
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3 Can we reconstruct (realistically) the complete 
theory from low energy observables? 



An interesting feature of the 2RHN model is that it could be feasible to reconstruct the 
neutrino mass matrix. This model predicts that one of the neutrino masses vanishes, 
and in consequence the spectrum is necessarily hierarchical. In this scenario, the masses 
would have been already determined by present oscillation experiments: rri2 = J Am^ 
andm 3 = ^Am 2 31 , where Am^ = (7.1 -8.9) x l(T 5 eV and Am^ = (1.4-3.3) x l(T 3 eV 
are the 3a ranges for the solar and atmospheric mass splittings obtained from the 
combined analysis of global data JH]- in the next few years, the measurements of the 
mass splittings are expected to improve. To be specific, the error in the measurement of 
the atmospheric mass splitting, Arn^j , is expected to be reduced by experiments using 
the CERN to Gran Sasso neutrino beam (ICARUS 17 and OPERA [THJ ) , MINOS HHJ, 
NOz/A [20] an d particularly T2K [21], that will probably reduce the present error by one 
order of magnitude. There are also proposals to reduce the error in the measurement 
of the solar mass splitting, Am^. Namely, if the SuperK detector was loaded with 
gadolinium, it would be possible to reduce the error by a factor of six [23]. 

Concerning the mixing angles, two of them have been determined to a good accuracy 
by present experiments: sin 2 9 12 = 0.24 — 0.40 and sin 2 # 23 = 0.34 — 0.68 at the 3a level 
[TS] . The T2K experiment will probably reduce the error in sin 2 #23 by a factor of 
two. On the other hand, the error in sin 2 9\2 will not be substantially reduced in the 
near future, although an experiment similar to KamLAND but with a baseline slightly 
shorter, L ~ 60km, could reduce the error by a factor of four |24j . 

The angle #13 has not been detected yet but the global analysis sets the upper bound 
sin 2 9i 3 < 0.046, also at 3a [TS]. Ongoing experiments such as MINOS, ICARUS or 
OPERA could improve the present limit by a factor of two, while future experiments 
as D-Chooz [22] by a factor of four, and T2K or NO^A by a factor of ten. If 9 13 is large, 
the combined analysis of the experiments could provide some information about the 
Dirac phase 5. However, the detailed analysis of CP violation in the neutrino sector 
will require superbeams. For instance, improving the proton intensity at JHF to 4MW 
and using the proposed Hyper-Kamiokande detector, it could be possible to reach a 
sensitivity below 3 x 1CT 4 for sin 2 #13 and around 10° — 20° for 5 fH\ . 

Thus we find that there are good prospects to determine the masses, mixing angles 
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and 5 to the percent level in the next 10-20 years {2H|. However, the measurement of 
the Majorana phase is still very challenging. Although it could in principle be mea- 
sured in experiments of neutrinoless double beta decay, the sensitivity of the projected 
experiments is still far from observing this process in the case of a hierarchical spectrum 
of neutrinos [2*5] . 

Concerning the matrix P, there are also very good prospects to determine the 
relevant parameters: P12, \P\3\ and | ] • With experiments of rare decays, it would 
be possible to determine the moduli of the off-diagonal elements of P. The present 
bounds on the rates for these decays are BR(fi — > ej) < 1.2 x 10~ n [211 , BR(r — > 
07) < 3.1xl0- 7 [28J (Belle) or < 6.8 xlO" 8 29J (BaBar), and BR(r -> erf) < 3.9 x 10~ 7 
[HI, that translate into |P 12 | < 3 x 10" 4 , |P 23 | < 0.09 and |P 13 | < 0.09, for tan/3 = 10 
and typical slepton masses of ~ 400GeV [3*Tj . 

In the next few years, the sensitivity of the experiments to these processes is also 
expected to improve. The MEG experiment expects to reach a sensitivity of BR{^i — > 
erf) < 10~ 13 32 , that would translate into |P 12 | < 3 x 10~ 5 . Although presently the 
most stringent constraints on | -P12 1 arise from the process /1 — > ey, this role could be 
played in the future by experiments on the coherent conversion of muons into electrons 
in nuclei. 2 The current experimental bounds are P(/z~Ti — > e~Ti) < 6.1 x 10~ 13 
[3^] and P(/i~Au — > e~Au) < 5 x 10 -13 [34], and are expected to be improved by 
the PRISM/PRIME experiment, aiming to a sensitivity of 10" 18 jHS], or the CERN 
neutrino factory, aiming to 10~ 19 [36 . 

On the other hand, B-factories are also r-factories, and constitute splendid oppor- 
tunities to search for rare r decays. Future super B-factories could produce of the order 
of 10 10 r pairs at a luminosity of 10 a6 _1 , allowing to probe branching ratios for the 
rare r decays down to the level of 10~ 8 — 10 -9 [3*7] . 

The only phase that appears in P could be determined from measurements of the 

electric dipole moment of the electron, whose present bound is d e < 1.6 x 10~ 27 e cm 

|38j . In order to disentangle the contribution from the neutrino Yukawa couplings it 

would be necessary to determine the phases in the neutralino or the chargino sector 

from other experiments, most probably the LHC or the ILC The prospects to improve 

the sensitivity of the experiments to detect electron dipole moments are also very 

2 When the photon penguin diagram dominates the contribution in the fj, — e conversion, the con- 
version rate is approximately three orders of magnitude smaller than the branching ratio for /i — > &y. 
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encouraging. By using the metastable a(l)[ 3 £*] state of PbO it could be possible 
to improve the sensitivity of the experiments to d e < 10~ 29 e cm |2H], or even to 
d e < 10~ 31 e cm in a few years [101 ■ in the longer term, it could be possible to improve 
the sensitivity to d e < 1CT 35 e cm using solid state techniques [IT] . Incidentally, it has 
been argued that the effect of the phases in the neutrino Yukawa coupling would not 
be observed in the electron dipole moment before this sensitivity is reached [33*] . 

In summary, the prospects to detect or further constrain the low-energy parameters 
of the 2RHN model are very encouraging, and accordingly the prospects to reconstruct 
the high energy theory from experiments. It is remarkable that most of the problems 
encountered when determining the low energy parameters of the 3RHN model disappear 
in the 2RHN model. Namely, in the 3RHN model there are two Majorana phases, and 
despite one combination of them could be measured in experiments of neutrinoless 
double beta decay, there is no proposed experimental set-up to measure the second 
combination. Furthermore, in the matrix P there are more independent parameters 
in the 3RHN model than in the 2RHN model, and the prospects to measure them are 
not so encouraging. In particular, the diagonal elements in P would be quite hard to 
measure, although it could be possible to measure the largest mass difference among 
the sleptons or the sneutrinos in colliders jH]. On the other hand, the measurement of 
the smallest mass difference seems to be far out of the reach of the proposed future 
experiments. Concerning the electric dipole moments, there are some prospects to 
improve the present bound on the muon electric dipole moment, d M < 7 x 10~ 19 e cm 
[33] . to d^ < 1CT 24 e cm using the muon ring at BNL [33] or even to d^ < 10 -26 e cm 
at the neutrino factory |36] . On the other hand, the present bounds on the r electric 
dipole moment are very loose, —2.2 < Ke(d T ) < 4.5(xl0~ 17 ) e cm [3B], and there are 
no prospects to improve them substantially in the near future. 

It was pointed out in |47|48|15] that the phase of z is the only phase that plays 
a role in the mechanism of leptogenesis j3H|. Therefore, the see-saw mechanism could 
be parametrized in terms of the leptogenesis phase instead of the phase that induces 
electric dipole moments. Nevertheless, the leptogenesis mechanism depends on assump- 
tions that are harder to test than the assumptions needed to disentangle the phase in P 
from electric dipole moments, and thus this possibility does not seem to be very prac- 
tical. In any case, we find very remarkable the close relation between electric dipole 
moments and leptogenesis in the 2RHN model. 
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4 The reconstruction procedure 



In Section 2 we have discussed that the complete Lagrangian can be written in terms of 
the five moduli and two phases of the neutrino mass matrix, and the three independent 
moduli and two phases of the matrix P, that is involved in the radiative corrections 
of the slepton parameters. In this section we will derive exact formulas for the high 
energy parameters in terms of these low energy parameters jHOj 

To this end, we will use the parametrization of the Yukawa couplings in eq.(JIJ, so 
that all our ignorance of the high energy theory is encoded in the right-handed neutrino 
masses, M% and M 2 , and the complex parameter in the matrix R, z. Let us define the 
hermitian matrix Q = U^PU, that depends exclusively on parameters that in principle 
could be measured in low energy experiments. The first row and column vanish and 
yield the relations among the P-matrix elements already presented in eq.(|5]). On the 
other hand, the remaining elements Q22, Q23, Q33, can be written in terms of the high- 
energy parameters M 1; M 2 and z. Therefore, one can invert the equations to derive 
exact expressions for the high-energy parameters in terms of the low energy parameters 
in Q. These expressions are: 




cos 2z 



Q33 



Q22 . (Q23 + Q23XQ23 



^ m| m2m3 J Mf — M'i 

To complete the reconstruction procedure, the Yukawa coupling would be derived from 
these parameters using eq. (JTJ) and where the discrete parameter £ in eq. (J2J) is determined 
by: 



M? 



r2 ' 



(Mi sin z cos z* — M 2 cos z sin z* ) . 



Q23TO 2 

In the case that all the parameters are real, the expressions greatly simplify: 



(8) 
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'oh _ %] w 

ml ml ) Mf - M'( 
We would like to illustrate now the reconstruction procedure for an interesting 
possibility for the matrix P. In the previous section we argued that among all the 
elements in P, the ones with better prospects to be constrained or measured were 
the off-diagonal ones. Therefore, it will prove convenient from the phenomenological 
point of view to use P12, \P-\a\ and I-P23I, together with the neutrino mass matrix, to 
parametrize the 2RHN model. Furthermore, the stringent constraints on the process 
\i — > e7 suggests us to take the limit | -P12 1 "C | -F13 [ , | 1 - 3 This limit yields a very 



constrained structure for the P-matrix 

13 tf* 



P 



~P*o^ P 23 



u. 

23 

I)- P* I > ' I > u \: 

V *13 ^23 -^lk~ 



(10) 



'31 "31 

that in turn would imply predictions for the mass splittings among the sleptons in 
terms of the branching ratios for the processes r — > /ry and r — > ey. Note also that the 
phases in the matrix P are fixed in terms of the phases in the leptonic mixing matrix. 
Namely, to make the diagonal elements of the matrix P real, as required by hermicity, 
one has to require 

argPi 3 ~ argC/n - argC/31 + 7r, 

argP 23 ~ argC/21 - axgC/31 + 7r. (11) 

We have also resolved the ± ambiguity in the expressions for the arguments of P13 and 
P23 in eq.(jnj) by applying the Sylvester criterion, in order to yield positive eigenvalues 
in P. Note that the Majorana phase, 0, will not appear in these expressions, and the 
only phase that will appear is the Dirac phase, suppressed by the small value of #13. 
To be precise, if we substitute 623 — vr/4, 612 — 7r/6 and we take into account that #13 
is small, we obtain 

Pi3^-|Pi 3 |(l + i V3sm<fsin0i 3 ), 

P 23 ^ |P 2 3|(l + 2z VSsm8sm9 13 ). (12) 



3 It is important to stress that there is no solid experimental evidence supporting this possibility. 
The only reason why the bound on fi — > is stronger than the bounds on r — > (/x, e)j is that 
presently the muon sources are more intense than the tau sources. Other possibilities are a priori 
equally plausible from the phenomenological point of view, despite there is a theoretical prejudice in 
favor of |P 12 | <C I-P13I, I -F23 1 - The analysis for other scenarios will be presented elsewhere. 
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Therefore, in the limit where \Pu\ "C I-P13I, I-P23I, all the elements in P are expected 
to be real to a good approximation, and accordingly the contribution to the electric 
dipole moments from the slepton parameters is expected to be very small. Note also 
that requiring positive eigenvalues for P requires that P13 is negative and P23 positive. 

The high-energy parameters can be easily reconstructed from the general formulas 
in eq.(J7J), where the relevant elements in the matrix Q read: 





u 23 


2 


\Un\ 


P3l\ 



Q22 ^ l-Pial , ' n ' i +l^ 



23 





u 13 


2 


\U2l\ 


\Usi\ 





U22 


2 


\Un\ 


It/31 | 



Q33~ p 13 -1 +\p. 



23 





Ul 2 


to 


l^2l| 





ft. - ^\m*§n - MwWTi- < 13 > 

I lAl 1 1 ^31 1 I V21 1 1 1 

To show the analytical results, we will limit ourselves to the case where 623 — 7r/4, 
612 — 7r/6, and #13 ~ 0, as suggested by data. Depending on the values of the remaining 
non- vanishing parameters, we can distinguish two limits: | -P13 1 <C | P23I and IP23I < ^ 
|P 13 |. The structure of the P- matrix is different in each case, and reads: 

(X/V6 -A' 

P ~ |P 23 | 1 1 I , for A = ^\ < 1, (14) 

V -A 1 1 , 

(i/Vq -1 

P ~ |P 13 | A A I , for A = ^\ < 1. (15) 

V -1 A \/6, 

In this approximation there are no phases in P, although there could be phases in 
the neutrino mass matrix. Let us analyze first the case where the neutrino mass matrix 
is also real, and later on, the general case allowing complex parameters. 

4.1 Real case 

The reconstruction of the high-energy parameters in terms of the low energy parameters 
is straightforward using eq. • The reconstructed high energy parameters in each limit 
read: 



| , for A = 




l^2 3 | 


, for A = 


P23 


l^ial 



I-P3I IP23I 



V o m 2 

m 3 

cos2z ~ 1. (16) 
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so that the reconstructed Yukawa coupling is: 



V ~ 

-L 1/ 



23 1 



%/6|P 23 | 
V 2|P 23 | 



3 Igysj 
8 |P 23 | 



3 |Pisl \ 
8 |P 23 | 

) 



(17) 



It is interesting that in this limit the lightest right-handed mass is essentially 
determined by the rate for the process r — > ej, while the heaviest one, by the 
process r — > /ry. On the other hand, the complex angle in R is such that in this 
case cos 2,2 is very close to one, independently of the values of |Pi 3 | and I-P23I, as 
long as |Pi 3 | < |P 23 |. 



Pd < IP 



13 



Mi ~ 
M 2 ~ 
cos2z 



8lP 



2.3 1 



3m 2 + 4m 3 



(3m 2 + 4m 3 )|Pi 3 | 2 

7f \-"«/ ' 

Vom 2 m 3 

3m 2 — 4m 3 



(18) 



3m 2 + 4m 3 ' 

for the case in which the light neutrinos have the same CP parities, i.e. when 
= 0, and 

8 1 P23 1 



Mi 
M 2 
cos 2z 



/ ij0\2 

-3m 2 + 4m 3 S u/ ' 
(-3m 2 + 4m 3 )|Pi 3 | 

y / 6m 2 m 3 
3m 2 + 4m 3 



0\2 



3m 2 — 4m 3 

when they have opposite CP parities, (p = n. 

The reconstructed Yukawa coupling is in this case: 



(19) 




V6\Pis\ 

V&rm I-P23I 
3m 2 +4rrt 3 |Pi 3 | 



IP23I -3m. 2 +4ni3 
V^6|Pi3| 3ra 2 +4ra 3 



(20) 



v^IPisI 

— ty / 6m 2 IP23I 
-3ra 2 +4m 3 |Pi 3 | 



[P23J 3m 2 +4m 3 
V^6|Pi 3 | -3m 2 +4m 3 j 
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In the case with |P 23 | <C I-P13I, the behaviour is opposite to the previous one: the 
lightest right-handed mass is determined by r — > fi'j, and the heaviest by r — > cy. 
In this limit, cos2z is also independent of | -P13 1 and I-P23I, and takes a negative 
value, cos2;z ~ —0.75, for = and positive, cos 2,2 ~ —1.33, for = ir. 

The numerical results for the case with = are shown in Fig^ for different 
values of | -P13 1 and | P23 1 ? where the two limits can be clearly distinguished. (Recall 
that for slepton masses of ~ 400GeV and tan/3 = 10, |Pi3,23| < 0.09, however, we 
show the results for l-Pi^^l < 1 to allow for larger slepton masses or smaller values of 
tan/3.) In these figures, we have used the central values for the measured masses and 
mixing angles in [TBI, namely m 2 = 8.9 x 10~ 3 eV, 777,3 — 4.7 x 10~ 2 eV, sin 2 # 12 = 0.30 
and sin 2 ^23 = 0.50. These parameters have to be run from the electroweak scale 
to the decoupling scale jHIj and this introduces corrections smaller than a 60% on 
the reconstructed parameters. In addition, the experimental error on the low energy 
parameters introduces an indeterminacy on the reconstructed parameters smaller than 
a factor of two, that will be reduced in forthcoming experiments. It is apparent from 
this analysis that the observation of rare decays would be an important step towards 
reconstructing the complete Lagrangian of the 2RHN model. 

4.2 Complex case, #13 = 

For the complex case, we will show first the results for 13 = 0, so that the high-energy 
parameters will depend only on the Majorana phase (recall that in this case P is 
real with a good approximation). Later on, we will discuss the situation with non- 
vanishing 6 13 . On the other hand, for the atmospheric and solar angles, we maintain 
the experimentally favoured values #23 — 7r /4, #12 — tt/Q. The analytical expressions 
for the high energy parameters are given in this case by: 

• |P 13 | < |P 23 | 

Af 1 ^2,/|^(P°) 2 , 
V 3 m 2 

1713 

cos2z~l. (22) 
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Figure 1: Reconstructed right-handed neutrino masses and parameter z in the matrix R, 
for different values of I-P13I and |i-23| ; in the limit I-P12I *C I-P13I, | -F*23 1 - Here, we have taken 
023 — 7r /4, 0i2 — tt/6, 013 — and (f) ~ (so that all the parameters involved in the 
reconstruction procedure are real to a good approximation). 



Therefore, the Yukawa coupling is: 



V ~ 

x v — 



23 



l-Pial i<t>/2 

Ve\P2s\ 

If 13 1 
2|P 23 | 



3l-Pi 3 L^/2 _ 



3 |Pi 3 L^/2 

s |p 23 r 



(23) 



Note that although in this limit the right-handed masses and cos 2z do not depend 
on the Majorana phase, the Yukawa coupling does. The dependence on the 
phase results from the phase in the leptonic mixing matrix, U, that enters in the 
parametrization of the Yukawa coupling, eq.lfTf . Similarly to the real case, the 
lightest right-handed mass is essentially determined by the rate for the process 
r — > ej, while the heaviest one, by the process r — > /ry. 
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• |P 23 | < |P 



13 



Mi 



8|P 2 3|(^ ) 2 



i — 



9m 2 + 16mg + 24m 2 m 3 cos 



M 2 



P13 1 v/ 9r??| + 16m3 + 24m 2 m 3 cos cj) 




cos 2^ 



V / 6m 2 m3 
3m 2 e J,?i — 4m3 
3m 2 e 1 ^ + 4m3 ' 



(24) 



so that the reconstructed Yukawa coupling is: 




I-P23I -3m 2 e i *+4m 3 
V6|Pl 3 | |A| 2 



) 



where A = y/3m2e~ i( ^ + 4m 3 . Contrary to the previous limit, here the right- 
handed masses and R do depend on the Majorana phase. Concerning which 
processes are relevant to determine which parameter, the conclusion is analogous 
to the real case: the lightest right-handed mass is essentially determined by the 
process r — > ^j, and the heaviest by r — > ej. 

The numerical results can be found in FigJ21 We see that when | -P13 1 <C | -P23 1 the 
correlation between the right-handed masses and | -F13 1 or |P 2 3| is very tight, allowing a 
very precise reconstruction of the high-energy parameters. However, when |P 23 | <C |P 13 | 
the reconstruction is more complicated, and the precise determination of the high- 
energy parameters would require the measurement of the Majorana phase. In Fig|2]we 
have sampled <fi between and 2tt and show the regions at 2a from the main value. 
These regions are fairly narrow, so even without knowing the Majorana phase, it could 
be possible to reconstruct the right-handed masses from rare decays, up to a factor of 
two. 

On the other hand, for the numerical value of cos 2z we show both the absolute 
value and the argument as a function of the Majorana phase, 0, for fixed | -P23 1 — 
and for different values of |Pi3|. It can be checked that the prediction for cos 2z depends 
on the ratio IP13I/IP23I, so the results for other values of |P 2 3| could be read easily from 
this figure. We find that when |P 13 | |P 23 | both the absolute value and the argument 
of cos2z are not very sensitive to <p. However, despite the matrix R depends weakly 
on 0, it is not possible to reconstruct the Yukawa coupling, due to the dependence 
of the Yukawa matrix with <fi through the leptonic mixing matrix in eq.(Q). On the 
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Figure 2: The same as FigQ but sampling over different values for eft. The shaded areas 
represent the regions at 2a from the main value. For cos 2z we plot both the absolute value 
and the argument as a function of the Majorana phase 0, for fixed I-P23I = 10 -2 and different 
values of IP13I. 



other hand, when |P 23 | <C \P13\1 the absolute value of cos2z depends strongly on (f>. 
Therefore, in both cases the reconstruction of the Yukawa coupling would require the 
determination of the Majorana phase, although it would not be necessary for a rough 
reconstruction of the right-handed masses. 



4.3 Complex case, #13 7^ 

Finally we show the results including the effects of #13 and the phase 5. Although it is 
possible to derive analytic expressions for the high-energy parameters in the different 
limits, the expressions are very complicated and difficult to analyze. Therefore, in this 
subsection we will limit ourselves to show the numerical results, that can be found in 
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FigE 

We find that in the whole parameter space, the measurement of #13, 5 and would 
be desirable for a precise determination of the right-handed masses. However, even 
without knowing these parameters, the determination of the rates for the rare lepton 
decays would allow the reconstruction of the right-handed masses up to a factor of 
three. 

On the other hand, when #13 is large, the reconstruction of the parameter z nec- 
essarily requires the measurement of all the low-energy parameters. The situation is 
particularly critical when | -P13 1 <C I-P23I, since cos2;? is very sensitive to the Dirac phase 
(when #13 is large). For instance, when #13 = 0.1, the absolute value of cos2z can vary 
between 0.6 and 1.5 when 5 and vary between and 2ir. When IP23I I-P13I, the 
dispersion produced by the angle #13 is smaller, between 0.8 and 1.3. Concerning the 
argument of cos2^ the range of values is smaller, although still important, particularly 
in the limit | -P13 1 <C | -P23 1 • Therefore, when #13 is large, it seems unavoidable the pre- 
cise measurement of #13, 5 and <p to determine cos2z and to reconstruct the Yukawa 
coupling. 

5 The 2RHN model as a limit of the 3RHN model 

Although the 2RHN model can explain all the neutrino experiments, the 3RHN model 
is without any doubt much more appealing from the theoretical point of view. Nev- 
ertheless, there are some situations where the 3RHN model can be well approximated 
by a 2RHN model, both from the point of view of neutrino masses, as from the point 
of view of radiative corrections, parametrized by the matrix P. In these situations, 
the procedure presented in this paper to reconstruct the high-energy parameters would 
apply. 

Let us discuss first the case of the neutrino mass matrix, that in the basis where 
the right-handed neutrino mass matrix is diagonal reads: 

M yjm vjmt (26) 

13 M 1 M 2 M 3 ' K J 

where jjij = {Y v )ij. Two right-handed neutrinos dominate the see-saw when 

VXiVVj V2iV2j yMV3j 

Mi M 2 ' M 3 ° r 
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Figure 3: The same as Fig^ but sampling over different values for <fi and 5 for #13 = 0.1. 
The shaded areas represent the regions at 2a from the main value. For cos 2z we plot both the 
absolute value and the argument as a function of the Majorana phase 4>, for fixed I-P23I = 1CP 2 
and different values of I-P13I, and for two values of the phase 5: and tt/2. 
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M 3 



yiiUij y^3j 

Mi ' M 3 

yuyij V2iV2j 

Mi ' M 2 



or 



for all i, j = 1, 2, 3. 



(27) 



The most interesting cases are the first and the third. The first one corresponds to the 
case in which the Yukawa couplings for the first generation of right handed neutrinos 
are tiny, yu -C y2i, V3i, for i = 1,2, 3. If this is the case, the radiative corrections are also 
dominated by the same two right-handed neutrinos, the two heaviest ones. Therefore, 
in this case the 3RHN model can be well approximated by a 2RHN model, both from 
the point of view of neutrino masses as of radiative corrections. Since the two relevant 
right-handed neutrinos are the two heaviest ones, the corresponding Yukawa couplings 
could be large, and the radiative corrections could be sizable. 4 

The third case corresponds to the situation where the mass of the heaviest right- 
handed neutrino is much larger than the mass of the other two, M 3 3> Mi,M 2 |12j . 
However, in general the heaviest right-handed neutrino will produce sizable contribu- 
tions to the radiative corrections. If this is the case, the 3RHN model could be reduced 
to a 2RHN model only from the point of view of neutrino masses, but not from the 
point of view of the radiative corrections. Nevertheless, there are some circumstances 
in which the heaviest right-handed neutrino indeed does not contribute to the radiative 
corrections and does not leave any imprint in P, so that this matrix is only determined 
by the Yukawa couplings of the two lightest generations of right-handed neutrinos. 
If this occurs, the 3RHN model would also be well approximated by a 2RHN model 
from the point of view of the radiative corrections. This situation arises for example 
when the mass of the heaviest right-handed neutrino is very close to the Planck mass, 
although this possibility seems a bit contrived. 

A more plausible situation arises in models with gauge mediated supersymmetry 

breaking [52] . So far, we have implicitly assumed that the boundary conditions for 

the soft breaking terms are set at the Planck scale. However, if the mass of the 

messenger particles involved in the supersymmetry breaking mechanism is smaller than 

M3 but larger than M2, then the heaviest right-handed neutrino would decouple at an 

energy larger than the energy at which supersymmetry breaking is communicated to the 

4 In this scenario there would be no relation whatsoever between leptogenesis and low energy ob- 
servables: leptogenesis would depend on the couplings of the lightest right-handed neutrino, whereas 
neutrino and slepton parameters would be determined by the couplings of the two heaviest right- 
handed neutrinos. 
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m 3 / 2 = ~j^T7 7tt TT~ m > 



observable sector. Consequently, it would not participate in the radiative corrections 
of the parameters of the Lagrangian. If this is the case, only the two lightest right- 
handed neutrinos would contribute to the radiative corrections and to the neutrino 
mass generation, and therefore the 3RHN model could be well approximated by a 
2RHN model. 

The experimental signature of this scenario would be a light gravitino, although 
probably not ultra-light, since the mass of the messenger has to be larger than the 
mass of the next-to-lightest right-handed neutrino, that is expected to be rather large. 
The gravitino mass in these scenarios can be estimated as [23] 

F n M n 

where we have assumed vanishing cosmological constant and Mp = (SttGn)' 1 ^ 2 = 
2.4 x 10 18 GeV is the reduced Planck mass. In this formula, F measures supersym- 
metry breaking in the messenger sector, M mes is the mass of the messenger particles 
and m ~ (a/n)F/M mes is the typical soft mass scale (recall that in gauge mediated 
supersymmetry breaking scenarios gaugino masses are generated at one loop and scalar 
masses at two loops). If only the heaviest right-handed neutrino decouples from the 
radiative corrections, it has to happen that M 2 < M mes < M 3 . So, if the gravitino 
mass is measured, a lower bound on M 3 would follow: 

M 3 > ^^l Mp . (29) 
7T m 

Alternatively, if M2 can be reconstructed from low energy data, a lower bound on 
the gravitino mass would follow. Note that the precise determination of M2 requires 
the knowledge of the cut-off scale, that is not known a priori. However one could 
compute M2 assuming that the cut-off is set at the Planck scale instead of the actual 
messenger scale. Then, the value obtained for M2 would be smaller (see the Appendix 
for details) and therefore the bound on the gravitino mass obtained in this way would 
hold, although it would be more conservative than the actual bound. 

Besides, when supersymmetry breaking is mediated to the observable sector through 
gauge interactions by particles with a mass smaller than the Planck mass, the soft terms 
are almost proportional to the identity at the cut-off scale. Thus, any flavour changing 
effect or mass splitting between sleptons or sneutrinos observed at low energies would 
be entirely due to radiative corrections. On the other hand, CP violating effects could 
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originate in other sectors, such as the neutralino or the chargino sector, although there 
could be a contribution from P that might be disentangled. 

Finally, if in addition the gravitino is the lightest supersymmetric particle, some 
interesting cosmological consequences would follow. For instance, the strong bounds 
on the reheating temperature, T R < 10 6 GeV for m 3 / 2 ~ O(lTeV) j^l], would be 
relaxed so that it could be as large as 10 11 GeV [52] • This has crucial consequences 
for the leptogenesis mechanism, since the mass of the lightest right-handed could be 
compatible with the constraints on the reheating temperature from preventing gravitino 
overproduction |47|56j . 

6 Conclusions 

The two right-handed neutrino model can explain all the neutrino oscillation experi- 
ments, but depends on less parameters than the conventional three right-handed neu- 
trino model. Therefore, the serious problem of the lack of predictivity of the conven- 
tional see-saw model is softened. In this paper we have exploited this observation to 
argue that the high-energy parameters of the two right-handed neutrino model could 
be reconstructed using just low energy experiments, provided supersymmetry is dis- 
covered and some hypotheses are made about the structure of the soft terms at the 
cut-off scale. 

To this end, we have proposed an alternative parametrization of the two right- 
handed neutrino model just in terms of low energy observables, namely the neutrino 
mass matrix and the off-diagonal elements of the matrix Y^Y^, that is responsible 
for the radiative corrections of the slepton parameters, and that in particular induces 
rare leptonic decays. We have discussed the present information available on these 
parameters and the prospects to improve our knowledge of them in the next few years. 
Except for the case of the Majorana phase, we find the prospects very encouraging. 

We have presented an exact procedure that allows to reconstruct the high-energy 
superpotential of the two right-handed neutrino model in terms of the low energy 
parameters. We have applied this procedure to a particular scenario with BR(fi —>■ 
erf) <C BR[t — > (/i, e)7), and we have found that in the case where all the parameters 
are real and #13 is small, the detection of the rare decays r — ► jJirf and r — > ej would 
be a very important step towards reconstructing the high-energy parameters. We have 
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also analyzed the impact of the phases in the leptonic mixing matrix on this conclusion, 
since they could be the worst determined among all the low energy parameters. We 
have found that when the angle #13 is large and the phases in the leptonic mixing 
matrix do not vanish, the connection is more diffuse, although it could still be possible 
to determine the right-handed masses up to a factor of three. The reconstruction of 
the neutrino Yukawa coupling is more complicated, since in general would require the 
measurement of 6*13, 5 and 0. 

Finally, we have argued that this procedure does not apply only to the strict two 
right-handed neutrino model. There are limits of the three right-handed neutrino model 
that resemble a two right-handed neutrino model to a good approximation, both from 
the point of view of neutrino masses, as from the point of view of radiative corrections. 
In these limits, the procedure proposed in this paper applies. 
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A Appendix 

Throughout the paper we have used as parameters to reconstruct the high-energy 
theory P = YjY^ and M = Yjdiag(Mf 1 , M 2 -1 )Y„(.H2) 2 . However, to disentangle P 
it is necessary to know not only the cut-off scale but also the decoupling scales, that 
are not known a priori. Nevertheless, the procedure can be applied recursively in order 
to reconstruct the high-energy parameters. 

In this Appendix it will be shown that this recursive procedure could be avoided 
using as low energy parameters of the 2RHN model 

M = Yjdiag(Mr\ M^)Y V (H^) 2 , 




where the second parameter is the combination that appears in the leading-log approx- 
imation to the solution of the renormalization group equations, and A is the cut-off 
scale. 
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Defining the new parameters 

Mi = Afi log— , 

M 2 = M 2 log — (31) 
and substituting in eq.(|5D|L one finds that 

M = Yl&mg(M^\M^)Y u {H Q a )\ 

P = YlY u . (32) 

Therefore, we can apply the general formulas eq.(|7)l to solve for the parameters Y v , 
Mi and M 2 . Finally, inverting eq. (j31j) we can reconstruct the actual high-energy pa- 
rameters Y„, Mi and M 2 . Note that there are always two solutions for Mi and M 2 , 
one larger than A/e and the other smaller. 

From eq.()31|) it is possible to estimate the impact of our ignorance of the cut-off 
scale on the reconstructed values of the right-handed masses. From the reconstruction 
procedure it is always possible to compute Mi and M 2 , and from eq.([31|h the actual 
masses Mi and M 2 , that would depend on the cut-off scale. If we set the cut-off scale 
at the Planck mass, we would obtain Mi(Mp) and M 2 (Mp). However, it could happen 
that the actual cut-off scale is smaller than the Planck mass, for instance in models 
with gauge mediated supersymmetry breaking; in that case we would obtain Mi (A) 
and M 2 (A). In Fig0]we compare the values of the masses computed assuming that 
the cut-off is set at the Planck mass or at a different cut-off, for fixed Mi or M 2 . 
We find that taking as the cut-off the Planck mass instead of an intermediate scale 
underestimates the value of the reconstructed right-handed masses. Nevertheless, the 
error made is usually smaller than one order of magnitude. 
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